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PREFACE 



Mathematics is such a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject which, 
though within the grasp of secondary school students, do not find a place in the 
curricf.lum simply because of a lack of time. 

Many classes and individual students, however, may find time to pursue 
mathematical topics of special Interest to them. Hhis series of pamphlets^ 
whose production is sponsored by the School Mathematics Study Group, is designed 
to make material for such study readily accessible in classroom quantity. 

Some of the pamphlets deal with material found in the regular curriculum 
but in a more extensive or Intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrooms in at least two 
ways. Some of the pamphlets produced could be used to extend the work done by 
a claes with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the rrlass. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group: 

Professor R, D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301 

Dr. W. Eugene FerguDon, Newton High School, Newtonville, Massachusetts 02l60 

Mr. Thomas J, Hill, Montclalr State College, Upper Montclair, New Jersey 

Mr, Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at 
Plst, Philadelphia 36, Pennsylvania 1^103 

professor Augusta Schurrer, Department of Mathematics, State College of Iowa, 
Oedar Falls, Iowa 

Dr. Henry W. Syer, Kent School, Kent, Connecticut 

Professor Frank L. Wolf, Carleton College, Northfield, Minnesota 55057 

Professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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INTROEUCTION 



As you read this pamphlet we hope that you will come to appreciate and 
understand more about our decimal place value system of numeratiot*. To help 
you do this ve will first look at some of the ways in which ancient peoples 
wrote their numerals* Then we shall see how we would express our numbers if 
instead of thinking decimally, that is in groups of ten, we decided to think 
about sets of objects in groups of seven or by the dozen. You may be surprised 
to learn that it's easier for our high speed computers to think in terms of 
pairs or groups of two. There's even a special section. Appendix I, about 
some of the problems we would have to solve if we wished to build a simple 
computing machine. 

You do not need to know a great deal of mathematics to read this booklets 
If you can add, subtract, multiply, and divide, you're ready to begin. The 
problems will help you discover how well you understand the ideas you are 
reading about. Those with stars will require some extra thought. 
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1, C&ygnsan^ s Numgrals 

In primitive times, boys and girls of your age were probably avare of 
simple numbers in counting, as in counting "one deer" or "two arrows." Primi- 
tive peoples learned to keep records of numbers. Sometimes they tied knots in 
a rope, or used a pile of pebbles, or cut marks in sticks to count objects. A 
boy counting sheep would have pebbles, or he might make notches in a 

stick, as ntlltti \ . One pebble, or one mark in the stick would represent a 

single sheep. He could tell several days later that a dheep was missing if 
there was not a sheep for each pebble, or for each mark on the stick. You 
make the same kind of record when you count votes in a class election, one 
mark for each vote, as || . When people began to make marka for num- 

bers, by making scratches on a stone or in the dirt, or by cutting notches in 
a stick, they were writing the first numerals. Ifumerals are symbols for num- 
bers. Thus the numeral "7" is a symbol for the number seven. Numeration is 
the study of how symbols are written to represent numbers. 

As centuries passed, early people used sounds, or names, for numbers. To* 
day we have a standard set of names for numbers, f-lan now has both symbols 
(1,2,3,...) and words (one, two, three, ...) which may be used to represent 
numbers. 

Ancient Number S ystems . One of the earliest systems of writing numerals 
of which we have any record is the Egyptian. Their hieroglyphic, or picture, 
numerals have been traced as far back as 3300 B.C. Thus, about 5000 years 
ago, Egyptians had developed a system with which they could express numbers 
up to millions. Egyptian symbols are shown in the following table. 

Our Number Egyptian Symbol Object Represented 



stroke or vertijal staff 



100 



n 
9 



heel bone 



coiled rope or scroll 



1,000 
10,000 
100,000 
1,000,000 



lotus flower 



pointing finger 

burbot fish (or polliwog) 



astonished man 



'■r:.;r:';v " 



These fiymbole were c*rved on vood or stone. The Sfeyptian system was an • 
la^sMvement over the caveman* s system because it used these ideas; 

!• A single symbol could be used to represent the number of objects la 
a collection. For example, the heel bone represented the number ten, 

2. ^yicbols vere repeated to show other numbers. The group of symbols 
^ 9 ^ meant 100 + 100 + 100 or 300. 

3. This system was based on groups of ten. Ten strokes make a heelbone, 
fcen heelbones make a scroll, and so on. 

The following table shows how Egyptians wrote numerals: 



Our numerals 


h 


11 


23 


20,200 


1959 


Egyptian 
Numerals 


nil 


ni 


nnm 




f99f nn"i 












999 Hi 



About 4000 years ago, around 2000 B.C., the Babylonians lived in the 
part of Asia we now call the Middle East. Ihey did their writing vith a piece 
of wood on clay tablets, lliese tablets are called ciineiform tablets. Clay 
was used be^^ause they did not know how to make paper. The pieces of vood vere 
wedge* shaped at the euds as . A drawing instrument of this type is 

called a styluc. With the stylus a mark ^ was made on the olay to represent 
the number 'W.'' By turning the sytlus, they made this symbol ^ for "ten." 

They combined these symbols to write numerals up to 59 as shown in the table 
below: 



CXir numerals 


5 


13 


32 


59 


Babylonian 
Numerals 


Iff 
If 


< Tff 




>\ f T T 



Later in this pamphlet you will learn how the Babylonians wrote numerals, 
or symbols, for numbers greater than 59. 

The Roman systesj was used for hundreds of years. There are still a few 
places at the present time where these numerals are used. Dates on comer- 
stones and chapter numbers in books are often written in Roman niimerals. 

Historians believe that the R o ma n numerals came from pictures of fingers, 
like this: |, ||, and jjjj, O^ie Romans then used a hand for five. 

Gradually sowe of the marks were ooitted, and they wrote V for 
five. Two fives put together jcade the symbol for ten, X. The other syml'Ols 
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were lettere of their alphabet. The foiloviug table shows the other letters 
UBed by the Romans: 



Our lluaeral 


1 


5 


10 


50 


100 


500 


1000 


Roman Nuneral 


I 


V 


X 


L 


c 


D 


M 



* In early times the Rcsnans repeated symbols to represent larger numbers in 
the same way that the Egyptians had done many years before • Later, the Romans 
made use of subtraction to shorten some of these numerals. 

The values of the Roman symbols are added \^en a symbol represent.^.ng a 
larger quantity is placed to the left in thi numeral • 

MDCIiXVI * 1,000 + 500 + 100 + 50 + 10 5 + 1 - l666 
DUCI = 500 + 50 + 10+1-561 

When a symbo"! representing a smaller value is written to the left of a 
symbol representing a larger value, the smaller value is subtracted from the 
larger . 

DC = 10 - 1 9 
XC 100 - 10 90 

The Romans had restrictions on subtracting. 

1# V, L and D (the symbols which we represent by numerals starting 
with 5) ^^re never subtracted. 

2, A number may be subtracted only in the following cases: 
I can be subtracted from V and X only. 
X can be subtracted from L and C only, 
C can be subtracted from D and M only. 
Addition and subtraction can both be used to build a numeral. First, any 
number whose symbol is placed to show subtraction is subtracted from the num- 
ber to its right; second, the values found by subtruction are added to all 
other numberis indicated in the numeral* 

cix - 100 + (10 - 1) ^ 100 + 9 1C9. 

MCMLX « 1,000 + (1,000 - 100) + 50 + 10 

» i,o(X) + 900 + 50 + 10 ^ i960. 

Sometimes the Romans wrote a bar over a numeral. This multiplied the 
value of the symbol by 1,000, 

X ^ 10,000, C - 100,000, and JOOI = 22,000. 

There were many other numeration systems used throughout history, the 
Korean, Chinese, Japanese, and Indian systems in Asiaj the ^feiyan, Incan, and 
A^tec systems of the Americas} the Hebrew, Greek, and Arabian systems in the 

3 



MBdlterraaeaa regions. You Blfiht enjoy Iroklae: up one of these. If you do, 
you will find the »tudy of these vmrloiis syitoas very Interesting. Ve do not 
have the time needed to discuss all of thea in this paj^phlet. 

Exercises 1^ 

1. Represent the following nuiabers using Egyptian numerals: 
(a) 19 

(t) 53 

{c) 666 1,003,214 

2. ae Sgyptians usually folloved a pattern in writing large numbers. How- 
ever, the meanings of their syahols were not changed if the order in a 
numeral was changed. In what different ways can twenty-two he written 
in Egyptian notation? 

3. Write our numerals for each of the following numbers: 

^c^9 (c) SS^n^n^ii 

t nnjji (d) c\9 9 

Ml 

h. Express the following numbers in Babylonian numerals: 

(a) 9 (b) 22 (c) 51 



If 



5. Write our numerals for each of the follovlng nuabers: 

'■•<!;' ««<!!! <<< 

6. Write our numerals for each of the following numbers: 

(a) XXJX (e) DCmi 

(b) LXI (f) D 

C'^) XC (g) MCDXCII 

(d) CV 

7. Represent the following numbers in Ranan numerals; 

(a) 19 (d) 1690 

(t) 57 (e) 1,000,000 

(c) 888 (f) i5,ooo 

8. (a) How many different syabols were used in writing Egyptian numerals? 

(b) How many different symbols were used in writing the Babylonian num- 
erals for numbers up to 59? 

(c) How many different symbols did the Romans use in writing numerals? 

(d) How many different symbols are there in our systss? 

h 

10 



9* (a) Dd XC and CX have the aame meaning vhen vrltten in Boaan nota* 
tlon? Explain, uaing our numeral or numerals, 
(b) tta« the position of a symbol in a numeral important in the later 
Rqaian system? If so, wimt does the position of the numeral shov? 

10, (a) What number is represented by III In the Roman system? 

(b) What number is represented by 111 in our systtej? 

(c) Can you explain your answers are dllTerent for parts (a) and (h)? 

11, Express each of these pairs of numbers in our notation, then add the re- 
sults and change the ansver to Roman numerals. 

(a) MDCCIX and DCLIV 

(b) MMDCXL and MCDVIII 



2. Ttie Dgcimai System - History and Description 

All of the early numeration systems are an improvement over matching 
notches or pebbles. It is fairly easy to represent a number in any of them. 
It is difficult to use then to add and multiply. Some instruments, like the 
abacus, were used by ancient peopl#*s to do arithmetic problems. 

Tiie vay we write numerals was developed in India. Arab scholars learned 
about these numerals and carried them to Europe, Because of this, our numerals 
are called Hindu-Arabic numerals. It is interesting to note that nK5: t Arabs 
have never used these symbols. Because our system uses groups of ten, it is 
called a decimal system. Ti word decimal comes from the Latin vori "decern," 
which means "ten." 

The decimal system is used in most of the world today because it is a 
better system than the other number systems discussed in the previous section. 
ISierefore, it is important that you understand the syst^n and know how to read 
and write numerals in this system. 

Long ago man learned that it was easier to count large numbers of objects 
by grouping the objects. We use the same idea today when we use a dime to re- 
present a group of ten pennies, and a dollar to represent a group of ten dimes. 
Because we have ten fingers it is natural for us to count by tens. We use ten 
symbols for our numerals. *niese symbols, which are called digits , are 1, 2, 
3> ^9 5f 6, 7, 8, 9, and 0. Ihe word digit refers to our fingers and to these 
ten number symbols. With these ten symbols we can represent any number as 
large or as small as we wish. 

l^e decimal system uses the idea of place value to represent the size of 
a group. The size of the group represented by a symbol depends upon the posi- 
tion of the symbol or digit in a numeral* The symbol tells us how many of 



that group ve have. In the numeral 123, the "1" represents one group of 
one huxidredj the "2" represents two groups of ten, or twenty; and the "3" 
represents three ones, or three. This clever idea of place value makes the 
dec ima l system the most convenient systeia in the world. 

Since we group by tens in the decimal system, ve say its base is ten. 
B cause of thie, each successive (or next) place to the left represents a 
group ten times that of the preceding place. The first place tells us how 
many groups of one. The second place telj^s us how many groups of ten, or ten 
times one ( 10 x l). The third place tells us how many groups of ten times ten 
(10 X 10), or one hundred; the next, ten times ten times ten (10 X 10 X lO), 
or one thousand, and so on. By using a base and the ideas of place value, it 
is possible to write any number in the decimal system using only the ten basic 
symbols. There is no limit to the size of numbers which can be represented by 
the decimal system. 

To understand the meaning of the number represented by a numeral such as 
123 we add the numbers represented by each symbol. Thus 123 means 
(1 X 100) + (2 X 10) + (3 X l), or 100 + 20 + 3. The same number is repre- 
sented by 100 +20 + 3 and by 123. When we write a numeml such as 123 
we are using number symbols, the idea of place value, and base ten. 

One advantage of our decimal system is that it has a symbol for zero. 
Zero ii used to fill places which would otherwise be empty and might lead to 
misunderstanding. In writing the numeral for three hundred seven, we write 
307. Without a symbol for zero we might find it necessary to write 3-7. Tlie 
meaning of 3-7 or 3 7 might be confused . The origin of the idea of zero 
is uncertain, but the Hindus were using a symbol for zero about 600 A.D., or 
possibly earlier. 

TiiQ clever use of place value and the s^bol for zero makes the decimal 
system one of the most efficient systems in the world. Pierre Simon Laplace 
(17^9 - iBp^f), a famous French mathematician, called the decimal system one ol' 
the world's most useful inventions. 

Reading and Writing Decimal Itoperals . Starting with the first place on 
the right, each place in the decimal system has a name. The first is the units 
place, the second the tens place, the third the hundreds place, the fourth the 
thousands place, and so on. The places continue indefinitely. Eb not confuse 
the names of our ten symbols with the names of the places. Long numerals are 
easier to read if the digits are separated at regular intervals. Starting at 
the right, every group of three digits is separated by a comma, l^iese groups 
also have names as shown by the following table for the first four groups of 
digits. 
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Group 


BiUion 


Million 


Thousand 


Unit 


Place 
Name 


Hundred Billion 
Ten Billion 
Billion 


Hundred Million 
Ten Million 
Million 


Hundred I^ousand 
Ten Thousand 
Thousand 


Hundred 

Ten 

Unit 


Wgits 


5 1* 5, 


h 6 5, 


7 3 8, 


9 2 1 



The names of the digits, the concept of place value and the group name 
are all used to read a numeral. To reetd the numeral shovn in the table ve 
start vlth the group on the left, reading the niimber represented by the first 
group of digits as one numeral • This is followed by the name of the group, as 
"five hundred forty-five billion." Then %fe read each of the following groups, 
using the name for each group as shown in the table, except that we do not use 
the name "unit'* in reading the last group on the right • Kie i^ole numeral 
shown in the table is correctly read as "five hundred forty-five billion, four 
hundred sixty- five million, seven hundred thirty-eight thousand, nine hundred 
twenty-one." The word "and" is not used in reading numerals for whole numbers. 

Although we have only ten symbols, we use these symbols again and again • 
They are used in differen^ positions in numerals to express different numbers. 
Similarly, in reading numerals we use only a few basic words. We use the 
names for the symbols, "one, two, three, four," and so on. Then we have the 
words "ten, eleven, twelve, hundred, thousand," and so on. For other names we 
use combinations of namtes, as in "thirteen" which is "three and ten," or in 
"one hundred twenty-five" which Is "one hundred, two tens, and five ones." 

Exercise 2 

1. How many symbols are used in the decimal system of notation? 
Write the symbols. 

2. Write the najj»s for the first nine places in the decimal system. Begin 
with the smallest place and keep them in order, as "one, ten, 
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3* ft^ctice reading the folloving nixaierals orally, or write the numerals in 
words . 

(a) 300 (a) 15,015 (g) 100,009 

(b) 3005 (e) 23^^,000 (h) i^30,001 

(c) 7109 it) 608,014 (i) 999,999 

4# l^actice reading the following numerals o»lly, or write the numerals in 
words . 

(a) 7,036,298 (c) 20,300,1*00,500 

(b) 9,300,708,500,000 (d) 900,000,000,000 

5. Write the following using de Imal numerals: 

(a) one hundred flfty^-nine. 

(b) five hundred thne. 

(c) six thousand, eight hundred fifty-seven, 
id) three million, seventy thousand, thirteen. 

(e) four billion, three hundred seventy-six million, seven thousand. 

(f) twenty thousand, ten. 

(g) nine million, fifteen thousand, two hundred. 

6, (a) Write the numeral representing the largest five place number in the 

decimal system. 

(l) Explain what this numeral represents just as {3 X lO) +(5x1) 

explains the meaning of 35- 
(c) Write the nureral in words. 

7* (a) Write the numeral representing the smallest 6-place number in the 
decimal system. 

(b) Eicplain Uie meaning of this numeral. 

(c) Write the numeral iii words. 



Expanded Numerals and Sxyonential Notation 

We sa^' that the decimal system of writing numerals has a base ten# Start- 
ing at the units place, each place to the left has a value ten times as large 
as the place to its right. The first six places from the right to the lelt are 
shown below; 

hundred thoiisand ten thousai'id thousand hundred ten one 

( icxioxioxicxio) (loxioxioxiu) (ia<ia<io) (ia<io) do) (i) 

Often ve write these values more briefly, by using a small numeral to the right 
and above the 10. T\\iB numeral shows how many 10' s are multiplied together. 




iiunb«rs that «n fiultipli^.: tO0»ther are called ftotorg^ In this vmy, the 
mluea of the places are vritten atui read at follovi; 



(10 K 10 X 10 }( 10 X 10} 




^tec to the 


fifth power" 


(10 X 10 X 10 X 10) 


lo'* 


Hen to the 


fourth power' 


(10 X 10 X 10) 


lOr 


*'ten to the 


M, m M m It 

third power" 


(10 X 10) 




'^ten to the 


second power^ 


(10) 


10^ 


^en to the 


first power** 


(1) 


1 


«one" 





In an e^gpression as 10 ^ the number 10 is called the base and the ntuober 2 
is called the exponent* The exponent tells how many times the base is taken 

as a factor in a product. 10 indicates (lO x lO) or 100. A number such 
p 

as 10 is called a power of tenj and in this case it is the second power of 
ten. "She ejgponent is scHnetimes emitted for the first power of ten; we us« 

ually write 10, instead of 10^. All ot^er exponents are always vritten. 

Another way to write (4x4x4) is 4^, where 4 is the base, and 3 is 
the exponent. 

How can we write the meaning of "352" with exponents? 

352 » (3 X 10 X 10) + (5 X 10) + (2x1) 

« (3 X 10^) + (5 X 10^) + (2 X 1). 

This is called expanded notation . Writing numerals in expanded notation helps 
explain the manlng of the lAole maoeral. 

History . Probably the reason that we use a nianeration system with ten as 
a* base is that people have ten fingers. lSd& accounts for the fact that the 
ten symbols are called "digits" lAen they are used as numerals. We use the 
term "digits" when we wish to refer to the symbols aptei; Trcm the longer 
numerals in which they are used. 

Ihe Cfclts, irtiQ lived in Europe more than 2000 years ago, used twenty 
as a base, and so did the Mnyans in Central America, Can you think of a reason 
for this? Wbat special name do we sometimes use tor twenty? Some Eskimo 
tribes group and v^ount by fives. Osn you think of a good reason for this? 
Later we shall see how systems work when we use bases other than ten. 



gxerclses ^ 

1. Vfrlte the following in words: 10^ bs "ten to the first power," and so 
on up to 10^. 

2. Write each of the following using exponents. 

(a) 3X3^3X3X3 (e) 5x5x5x5x5x5 

(b) 2 X 2 X 2 X 2 (f) i+ X 4 

(c) 6x6x6x6x6x6 (g) 279 X 279 X 279 x 279 x 279 

(d) 25 X 25 X 25 (h) 16 

3. How mai;y fives are used as factors in each of the following? 

(a) 5^ (c) 5^ (e) 5^ 

(b) 5^^ (d) 5^° (f) 5^ 

h. Write (5sch of the following without exponents as 2^ = 2 x 2 X 2. 

(c) 2^ (e) 33^ 

(b) 3^ (d) 10'' (f) 175^ 

5. What does an exponent tell? 

6. Write each of the following expressions as shown in the example; 

•3 

k means k x k x k = Gk. 

(a) 3^ (e) 6^ (i) lo^ 

<b) 5^ (f) (J) 3"* 

(c) (g) 8^ (k) 2^ 

(d) ^ (h) 9^ (1) 

7. W>iich numeral represents the larger number? 

(a) or 3^ (b) 2^ or 9^ 

8. Write the following numerals in expanded notation as shown in the 

exajsple: 210 = (2 X 10^) + (l x 10^) 4 (O X l) 

(a) h68 (d) 59,126 

(b) 5321* (e) 109,180 

( c ) 7062 



10 
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9. Cbiaplete the table shown below for the powers of ten, starting with 10 

*ad working down, ^e next expression will be 10^ , and so on. Write the 
nuaeral represented by each expression, and then write each numeral in 

words. Continue until you reach lO'^. 



BDwer Numeral Wbrds 

10^° 10,000,000,000 ten billion 

10^ 1,CX>0,000,000 one billion 

10® ? ? 



10. In the table of problem 9, what is the relation between the exponent of 
a power of 10 and the zeros when that number is expressed in decimal 
notation? 

11. Write the following numerals with exponents; 

(a) 1000 (c) 1,000,000 

(b) 100,000 (d) one hundred million 

12. A mathematician was talking to a group of arithmetic students one day. 
They talked about a large number which they decided to call a "googol." 
A googol is 1 followed by 100 zeros. Write this with exponents. 

13. ERAINRJSTER. VJhat Is the meaning of 10^? of 10^? What do you think 
should be the meaning of loS 



Numerals in Base Seven 

You have known and used decimal numerels for a long time, and you may 
think you understand all about them. Some of their characteristics, however, 
may have escaped your notice simply because the numerals are familiar to you. 
In this section you will study a system of notation with a different base. 
This will increase your understanding of decimal numerals. 

Suppose we found people living on Mars with seven fingers. Instead of 
counting by tens, a ^to^tian might count by sevens. Let us see how to write 
numerals in base seven notation. THilB time we plan to work with groups of 
seven. Look at the x's below and notice how they are grouped in sevens with 
some x's left over. 
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11 



17 



Figure l^-a. Figure i^-t. 

In Figure we see one group of seven and five more. The numeral is 
written ISg^^g^- In this numeral, the 1 shows that there is one group of 

seven, and the 5 means that there are five ones. 

In Figure k'h, how laany groups of seven are there? How many x*s are 
left outside the groups of seven? The numeral representing this number of 
ie*s is 3^gg^g^^. The 3 stands for three groups of seven, and the k re- 
presents four single x's or four ones. The "lowered*' seven merely shows that 
ve are working in base seven. 

VJhen we group in sevens the number of individual objects left can only be 

zero, one, two, three, four, five, or six. Symbols are needed to represent 

those numbers. Suppose we use the familiar 0, 1, 2, 3, k, 5 and 6 for 

these rather than invent new symbols. As you will discover, no other symbols 

are needed for the base seven system. 

If the x's are marks for days, we may think of 15 as a way of 

seven ^ 

writing 1 week and five days. In our decimal system we name this number of 

day^ ''twelve" and write it "12" to show one group of ten and two more. Ve 

do not write the base name in our numerals since we all know what the base is. 

We should not use the name "fifteen" for 15 because fifteen Is 1 

seven 

ten and 5 more. We shall simply read 15 as "one, five, base seven." 

seven ' 

You know how to count in base ten and how to write the numerals in suc- 
cession. Notice that one, two, three, four, five, six, seven, eight, and nine 
are represented by single symbols. How is the base number "ten" represented? 
Tliis representation, 10, means one group of ten and zero more. 

With this idea in mind, think about counting in base seven. Try it your- 
self and compare with the following table, filling in the numerals from 
^^seven ^^seven' ^^^^ table the "lowered" seven is omitted. 



IP 



Counting in Bue Seven 



Number 


SvEbol 


Number 


SvTfibol. 

kki mi ^ 


one 


I 


one, 


four 


Ik 


two 


2 


one, 


five 




three 




one. 


six 


l6 


four 


k 


tvo. 


zero 


20 


five 


5 


two. 


one 


21 


six 


6 










1 n 


six. 


three 




one J one 


H 


six. 


four 


6k 


one J tvo 


12 


six. 


five 


65 


one, three 


13 


six, 


six 


66 



Hov did you get the numeral following -'•^geven^ probably thought some- 
thing like this: 

XXX and X is the same as 





vfaich is 2 groups of seven x's and 0 x^s left over* 

What would the next numeral after 66 be? Here you would have 

seven 

6 sevens and 6 ones plus another one. l^iis equals 6 sevens and another 
seven^ that is, seven sevens* How could we represent (seven) without using 

a new symbol? We introduce a new group, th^ (seven) group* !Riis number 

would then be represented by 100^^„^ . What does the numeral really mean? 

seven 

Go on from .this point and write a few more numerals. What would be the n^ext 

numeral after 666 ? 

seven 

Now you are ready to write a list of place values for base seven. Can you 

do this for yourself by studying the decimal place values on page 8 and 

thinking about the meaning of 100 ? 
^ ^ seven 

Place Values in Base Seven 

{ seven )^ ( seven )^ ( seven )'^ ( seven )^ ( seven )'^ (one) 

Notice that each place represents seven times the value of the next place 
to the rl^t# The first place on the right is the one place in both the 



13 
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deciaal and the seven systems. I^ie value of the second place is the base 
times one * In this case what Is it? The value of the third place from the 
right is (seven X seven), and of the next place {seven X seven X seven), 

Wiat is the decimal name for (seven x seven)? Ve need to use this 
(forty-nine) when ve change Vrom base seven to base ten. Siow that the de- 
cimal numeral for ( seven )^ is 3^3* What is the decimal numeral for ( seven )^? 

Using the chart above, we see that 

2^6 , ■ (2 X seven X seven) -i- (4 x seven) + (6 X one), 
seven 

The diagram shows the actual grouping represented by the digits and the 
place values in the numeral 2k6 



seven 



^X X X X X xj \ 


f^Tx XXX x"x^ \ 




X X X X X x^ \ 1 


0^ X X X X X O 1 




X X X X X Xl 1 1 


(x X X X X X xj ! 


X X X X X X^ ( { 


^ X X X XX^I 




X X X X X x^ t ^ 


(TTTx X X X x^ 




X X X X X^ 1 1 


^ X XX X X %)l 


(x X X X X X x^i 


iji X X X X X )0j 



X X X X X 



3> 



(% %%%%%%) 



X X X X X 



3> 



XXX 
XXX 



X X X X X 



(2 X seven X seven) 



{h X seven) 



(6 X one) 



If we wish to write the number of x's above in the decimal system of 
notation ve may write: 

2k6 « (p X 7 X 7) + X 7) + (6 X l) 
seven 



= (2 X ^49) 
98 

« 132. 
ten 



+ (I4 X 7) + (6x1) 
+ 28 + 6 . 



Regroup the x's above to show that there are 1 (ten X ten) group, 
3 (ten) groups, and 2 more. This should help you understand the 



2k6 



seven 



132, 



ten 



Exercises k 



1» Group the x's 
notation: 
(a) X X X X X 

X X X X X 



below and express the number of x»s in base seven 



X X X X X 

X X X X X 

X X X X 

X X X X 



(c) xxxxxxxxx 



X 
X 
X 
X 
X 
X 



X X X X X X 

X X X X X X 

X X X X X X 

X X X X X X 

X X X X X X 

X X X X X 



11^ 

20 



2. Drmv x'c and group than to show the meaning of the following numeirals, 

(a) U (c) 35 

seven ^ ^ seven 

26 n (d) 101 

seven seven 

3* Write each of the following numerals in expanded form and then in deciiaal 
notation. 

(a) 33„^^„ (c) 100 

seven seven 

^seven ^ " ' seven 

4. Write the next conaecutive nuaeral after each of the following numerals. 

5* What is the value of the '*6'* in each of the following numerals? 

(a) 560 (c) 605 

seven ^ ' seven 

(h) 56 id) 6050 

^ seven ^ seven 

6. In the base seven system write the value of the fifth place counting left 
from the units place. 

7 . In the base seven system, what is the value of the tenth place from the 
right? 

* 8. Wliat numeral in tl^e seven system represents the number named by six 
dozen? 

9. Wliich number is greater, k^2 or ^32 ? 

seven seven 

10* Which number is greater, 250 or 205^ ? 

seven "^ten 

11. Which is less, 2125 or 73k ? 

seven ten 

12f A numl:er is divisible by ten if a remainder of zero is obtained when the 
number is divided by ten. 

(a) Is 30^^^ divisible by ten? Why? 

(b) Is 241^^^ divisible by ten? Why? 

(c) How can you tell by glancing at a base ten numeral whether the 
number is divisible by ten? 

*13» Is 30 divisible by ten? Explain how you arriyed at your answer, 

seven 

Is 60 divisible hy ten? 

seven 
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15 

21 



Ik. (») Wh*t wuld the ^luse "a counting niuaber Is divisible by seven" 
mean? 

(b) Is 30 divisible by seven? Why? 

seven 

15- Is 31„^„^„ divisible by seven? Explain your answer, 
seven 

16 • State a rule for determining when a number written in base seven is 
divisible by seven. 

You should see frcm problems 11-15 that the way we determine whether a 
number is divisible by ten depends on the system in which it is written, T5ie 
jrule for divisibility by ten in the decimal system is similar to the rule for 
divisibility by seven in the base seven system. 

17. Which of the numbers 2h. , » 68^ are divisible by two? 

ten' ten' ten 

How do you tell? What do you call a number which is divisible by two? 
What do you call a number not divisible by two? 

18. Is 11 an even number or an odd number? Can you tell simple' by 

seven ^ 

glancing at the following which represent even or odd ntombers? 

12 ,13 ,1^ ,25 ,66 
seven seven seven seven seven 

What could you do to tell? 

Here again a rule for divisibility in base ten will not work for base 
seven. P'lles for divisibility seem to depend on the base with which we are 
working. 

19* BRAINBUSTES. On planet X-101 the pages in books are numbered in order 
as follows: 1, L , c J , 13 , g| , 1-, 11, 1^, lA, iD , 1 S , 1 B , 
Z.-, ^1, and so forth. What se«iis to be the base of the nmeration 
system these people use? Why? How would the numeral after Z- 1 be 
written? Which symbol corresponds to our zero? Write numerals for 
numbers from to H A, 

20. BRAINBUSTES. Find a rule for determining when a number expressed in base 
seven is divisible by two. 
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Copputation in Base Seven 

Addition. In the decimai, or base ten, system there are 100 "basic" 
addition combinations. ^ till, tiae you knov ail of th«a. The coobinatioas 
can be arranged in a convenient table. I>Hrt of the table is given belov: 

Addition, Base Ten 



+ 


0 


1 


2 


3 


k 


5 


6 


7 


8 


9 


0 


0 






~"f~- 

i 

H— 














1 


1 


2 




1 

1 














2 






















3 


3 


k 


5 


6 














k 


k 


5 


6 


7 


8 














5 


6 


7 


8 


9 


10 


11 








6 






















7 






















8 






















9 



















17 





The nuaibere represented in the horizontal rov above the line at the top 
of the table are addeii to the numbers in the vertical row under the sign 
at the left. The sum of each pair of numbers is written in the table. The 
sum 2+3 is 5, as pointed out by the arrows. 



Exercises 



Find the sums 
(a) 6 + 5 



(b) 9 + 8 

Use cross ruled paper and camplete the addition table above 
(you will use it later). 

Draw a diagonal line from the upper left .corner to the lower right corner 
of the chart as shown at the right. 

(a) Is 'i + k the same as k + 31 

(b) How could the answer to part 
(a) be detemdned from the chart? 

(c) What do you notice about the two 
parts of the chart?- 

(d) What does this tell you about the number of different combinations 
which must be mastered? Be sure you can recall any of these com- 
binations whenever you need them. 
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k. Mike « chart to show the baaic sums vfaen the nuaters arc written is base 
seven flotation. Flour aims are supplied to help you. 



4. 


0 


1 




It 




J 


w 


0 
















1 








li 








2 










w 






3 












11 




k 














13 


5 
















6 

















5* (a) How many different number combinations are there in the base seven 
table? Why? 

(b) Which would be easier, to learn the necessary addition cOTJbinatlons 
in base seven or in base tea? Wi^iy? 

(c) Hnd 



"♦^ and 
ten "^ten 



h +5 from the tables. Are the 

seven seven 



results equal; that is, do they represent the same number? 

The answer to problem 5c is an illustration of the fact that a number li 
an idea independent of the numerals used to write its name. Actually, 9. 



ten 



and 12 are two different names for the same number • 

seven 



Do not try to memorize the addition combinations for base seven. The 
value in making the table lies in the help it gives you in understanding 
operations with numbers. 

The table that you completed in problem 1* of the last set of exercises 
shows the sums of pairs of numbers frc^ zero to six. Actually, little fsore is 
needed to enable us to add larger numbers. In order to see ^at else is 
needed, let us consider how we add in base ten. W>;at are the steps in your 
thinking when you add numbers like twenty-five and forty-eight in the decimal 
notation? 



25 * tens 5 ones 

48 « k tens 8 ones 

6 tens 13 ones 

Try adding in base seven; lU 



seven 



7 tens 
'^'^ seven 



ones 



25 

73 



1 seven k ones 

3 sevens ♦ 3 ones 
k sevens 12 ones 



(You nu^y look up the sums 5-1-4 and 
3 1 in the base seven addition table.) 
5 sevens 2 ones 52 



seven 
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Hov Bixe the tw eM»ples alike? How are they different? When it it necessary 
to ^'carry*' (or regroup) In the ten system? Wien is it necessarj' to ""carry" 
(or aregroup) in the seven systeja? 

Try your skill in addition on the following problems. Use the addition 
table for the basic sums. 



U2_ 
13 



seven 



ceven 



65 
11 



seven 



seven 



32 
25 



seven 



seven 



254 



seven 



seven 



U35 
625 



seven 



aeven 



^2k 

36k 



seven 



seven 



The answers in order are 55^^^^^, ^^seven' ^^seven' 362^even^ ^^63^^^^^, and 
1^21 

seven 

Subtraction , How did you learn to subtract In base ten? You probably 
used subtraction combinations such as lU - 5 until you were thoroughly 
fajnlliar with them. You know the answer to this problem but suppose, for the 
moment, that you did not. Could you get the answer fr<^ the addition table? 
You really want to ask the following question "What is the number which, when 
added to t), yields lU?" Since the fil"th row of the base ten addition table 
gives the results of adding various numbers to 5i ve should look for Ik in 
that row. Where do you find the answer to 1^-5? you answer ''the last 

column^*? Use the base ten addition table to find 

9 - 2, B - 5, 12 - 7, 17-9. 

Tlie idea discussed above is used in every sul traction problem. One other 
idea is needed in many probleiss, the idea of "borrowing'' or "regrouping." 
Tiiis last idea is illustrated below for base ten to find 76l - 283: 

7 hundreds 6 tens + 1 one « 6 hundreds + 15 tens + 11 ones » 761 
2 hundreds B tens 3 ones ^ 2 hundreds -4- 6 tens 3 ones « 2^3 

k hundreds 'i tens + 8 ones ^ k7& 

Now let uo try subtraction in lase seven* How would you find 

6 - P ? Find 6 ♦ Ilow did you use the addition table 

seven %:even "^seven seven 

for base seven? Find answers to the following sul^traction examples: 



15 



seven 
"^seven 



12 



seven 



11 



seven 



seven ; 



seven 



ih 



seven 



13 



seven 



_seven i 



seven 



The answers to these problems are 6^^^^^, ^seven' ^seven^ ^seven^ ^""^ 



ijeven 
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let us work a harder subtract ion problem In base seven cuoparing the 
procedure with that u«ed above: 

^^•even " ^ * 3 ones « 3 sevens + 13 ones » 43 

,^ seven 

ceven ' ^ seven + 6 ones - I seven + 6 ones » 16 

■' — — — — seven 

2 sevens -♦• k ones * 2k 

seven 

Be sure to note that "13 ones" above is in the seven system and is "one 

seven, three ones." If you vlsh to find the number you add to 6 to cet 

seven *^ 

^^aeven' ^'^^ ^he table to help you? Some of you may think of the 

nufflber without referring to the table. 

Practice on these subtraction exaaples: 



56 
Ik 



seven 

'seven 



61 

35 



seven 
seven 



34 
26 



seven 
^seven 



452 

263 



seven 

seven 



503^ 
140 



seven 



seven 



l^e answers are 42 



seven' ^^seven' ^Bcvm' ^^^sewen 333 



seven 



1. 



Exercises 3-b 

Each of the followir^g examples is written in base seve... Add. Check by 
changing the numerals to decimal notation and adding in >)ase ten as in 
the example: 



Base Seven 
16 



23 
42 



seven 
seven 



seven 



Does 42 



seven 



30? 



(a) 25 
31 



seven 
seven 



21 



(d) 160 + 430 

seven seven 

{f) 403 + 563 

seven seven 

(h) 6245 + 5314 

seven seven 

^♦5^ ■»■ 666 

seven sevei 



seven 



seven 



Base Ten 
13 
17 

30 



(c) 214 
53 



seven 



seven 



(e) 45 + 163 

seven -^seven 

(g) 645 „^ , + 605 

-^sevrn seven 

(i) 6204 + 234 

seven seven 

(k) 5406 + 6245 

seven seven 
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2- Use the base seven addition taTbie to find: 

(a) 6 - U seren (c) 12 

(b) 11 



seven 



seven 



- 1^ 

seven seven 



3, ikch of the following examples is written in base seven. Subtract, 
Oieck by changing to decimal numerals • 



(a) 10 



seven 
^ seven 



(b) 65 
26 



seven 
seven 



(c) 200 



seven 



seven 



(d) l60 



seven 
^seven 



(e) hk - 35 

^ ' seven seven 

ler) 502 - 266 

^ seven seven 

(i) 6lk - 52 

seven seven 

(k) 3^*51 - 2l6U 

V iv / -'^-^ -^seven seven 



4. Show by grouping x's that: 

(a) k twos « 11^^^^^ 

(b) 6 threes - 2k ^^^^^ 



if) 6kl 

seven 

(h) 5000 

^ seven 



13P 



seven 
U261 



seven 



^ seven seven 



(1) 253 



seven 



166 



(c) 3 fives = 21 

(d) 5 sixes = ^2 



seven 



seven 



seven 



!>faltlplicatlon . In order to multiply, we may use a table of basic fi 
Complete the following table in decimal numerals and be sure you know and 
recall instantly the product of any two numbers from zero to nine. 

Multiplication^ Base Ten 





0 


1 


2 


3 


k 


5 


6 




8 


9 


0 


0 


0 


















1 


0 


1 


















2 






k 


6 














3 








9 


12 












k 












































6 






















7 






















8 






















9 
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Exercises ^"'C 
Refer to the preceding table. 

(a) Qeplain the row of zeros and the column of zeros. 

(b) Which row in the table is exactly like the row at the top? Wiy? 

Iba^ine a diagonal line drawn fro© the X sign in the table to the lower 
right comer • What can you say about the two triangular parts of the 
table on each side of the line? 



CDffiplete the multiplication table below for base seven. Suggestion; 
To find ^g^y^^ X 3gg^^^^ you could write three x's four times and re- 
group to show the base seven numeral- Better still, you might thinK of 



this as 3 +3 +3 

seven seven seven seven 



Multiplication Base Seven 



X 


0 


1 


2 


3 


k 


5 


6 


0 
















1 
















2 










11 


13 




3 
















k 








15 








5 
















6 














51 



There ewe fever entries in the base seven table than in the table for 
base ten. Wliat does this fact tell you about the ease of learning multi- 
plication in base seven? 

Imagine the diagonal line drawn frora the "x" sign to the lower right- 
hand corner of the last table. 

(a) How are the entries above tJie diagonal line related to t!;ose below 
it? 

(b) Wi:at fact does the observation of part (a) tell you about 

3 X 4 ? 
seven seven 

There is no value in memorlEirifj the table for I'ase seven. Tlie value of 
this table lies in your understanding of it. 



Multiply the follovinK mmjbera in base ten niomerals: 



45 
X 62 



kG2( 

X 436 



■rB34 

X HQ 



•jlOliB 

X :-H 



2F 



You know about carrying (or regrouping) in addition, and you have had 
experience in zouXtiplioation in base ten. Use the base seven lau It i plication 
table to find the following products. 



52 
X 3 



seven 



seven 



3^^ 
X 6 



seven 



seven 



k2l 
X k 



seven 



seven 



621 



seven 



seven 



601^ 
X 35 



seven 



seven 



Ihe answers are 216 



303 231^ f 15^2 , 31^06 

J ^ seven seven* seven 



U5 
X 32 

123 
201 
2133 



seven 



seven 



seven 



seven' seven, 
Check the multiplication shown at 
the right and then emswer the following 
questions. How do you get the entry 
123 on the third line? How do you get 
the entry 201 on the fourth line? Why 
is the 1 on line h placed under the 

2 on line 3? Why is the 0 on line k placed under the 1 on line 3* 
If you do not know why the entries on lines 3 and h are added to get th 
answer, you will study this more thoroughly later. 

One way to check your work is to change the base seven numerals to bast 
ten numerals as shown here: 

298, 



seven 



(6 X 1*9) * iO X 1) + ik) =^ 59h + k ^ 



seven 

X 35„ ^ - (3 X 7) t- (5) = 21 + 5 

s 

^22^ 

31406 = (3 X 21^01) + (1 X 3^3) + (4 X k9) + (0 X '{) + (6) 

seven 



ten 



X 26 



i7^ 



ten 



ten 



Dlvision t Division is left as an exercise for you. You may find that 
it is not easy. Working in base seven should help you understand why some 
boys and girls have trouble with division in base ten. Here are two examples 
you may wish to examine. All the numerals within the examples are written in 
base seven • How cblti you use the multiplication table here? 

Division in Base Seven 



^ seven 

6 )"40^3 
seven seven 



■5 
33 



2015 

seven 

seven seven 

112 

he 
335 

3 
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Exercises 3'd 

Bfciltiply the folloving nuajbers in base seven niimerals and check your re- 
sults in ba^e 10 « 



(a) Ik ^ X 3 

seven seven 

(b) 6 X 25 

seven ^ seven 

(c) 63 X 12 

seven seven 

fd) 5 X k6l 

"^seven seven 

(e) 56 X 43 

seven seven 



(f) X U53 
seven '^•^seven 

(g) 30k6 X 2k 

^ seven seven 

(h) 56^3 X 652 

seven seven 

(i) 250 X 3i^l 

seven seven 

(i) 26403 X 45 

-"seven ^ seven 



Divide, All numerals in this exercise are in base seven, 
(a) 6 . TT2 



seven 



seven 



(b) 5 TT33 

seven "^seven 

Write in expanded fonn: 
(a) k03 



(c) rijis 

seven ^ seven 

(d) 21 ; 2625 

seven ^ seven 



(b) 180 



seven ^ ^ten 

Which of the numerals in Exercise 3 represents the larger number? 



Add the following: 

(a) 52 + Ik 

seven seven 



(c) k3k 



seven 



seven 



(b) 65 



seven 



seven 



id) 601 -f 30I* 

seven seven 



Subtract the following: 
(a) 13 

seven 



seven 



(b) 30, 



seven 



- 1 



seven 



(c) k02^ 
35 



seven 



seven 



Rewrite the following paragraph replacing the base seven numerals with 
base ten numerals. 

louise takes grade 10^^^^^ mathematics in room ^^^^^y^^* Tt^e book 

she uses is called Junior High School Mathematics 10 . It has 

— — seven 

^^seven ^^P^«^^ "^seven ^^^"^ ^seven ^^^^^ 

class which meets 5^^„^„ times each week for 106 minutes daily. 

seven seven v**^^ • 

^^seven PupHs are girls and 25 ^^^^^ are boys. The youngest pupil 

in the class is 1^^^,,^^ years old and the tallest is 123 inches 
seven seven 

tall. 



6, Changing frm Base Ten to Baae Seven 

You have learned hov to change a manlier wltten in base seven numerals to 
base ten numerals. It is also easy to change tram base ten to base seven. 
Let us see hov this is done. 

12 3 

In base seven , the values of the places are: one, seven , seven , seven*', 
and so on. "Hiat is, the place values are one and the powrs of seven > 

seven^ « ^ten 



2 

seven^ « (7 X 7 X 7) or 3^3 



seven*^ - (7 X 7) or U9^^^ 



ten 



Suppose you wished to change 12^^^^ *o seven numerals. Ihis time 

we shall think of groups of powers of seven instead of actually grouping marks. 

What is the largest power of seven ^ich is containe' in 12^^^^? Is seven^ 

2 3 
the largest? How about seven (forty-nine) or r ven (three himdred 

forty-three)? We can see that only seven^ is small enough to be contained 

in 12^ . 
ten 

When we divide 12 by 7 we have 

1 

7712 

What docs the 1 on top mean? What does the 5 mean? Ihey tell us that 

12^ contains 1 seven with 5 units left over, or that 
ten 

^^ten ' ^^"^ ^^^^^^ ^ ^5 X one), mis 12^^^ - ^^^even. 

Be sure you know which place in a base seven numeral has the value 

seven , the value seven , the value seven , aM so on. 

How is 5^^ regrouped for base seven numerals? What is the largest 
ten 

power of seven which is contained in 5^^^^^? 

In 5h we have ? x seven + ? X seven + ? x one. 
ten — — — ^— ' " 

U9f3^ We have ( I x seven ) + (0 x seven) ^ ( 5 X one). 

^ Then 5^^ * 105 
5 ^ ten -^seven 



25 



aippose the problem is to change 52U^^^ to base seven numerals. Since 

'^ten ^® larger than 3^3 (seven^), find hov many there are. 

1 

3'*3) 5^ Thus 524 contains one seven^ vith l8l x^maining, or 

524 * (1 X seven^) + l8l, and there vlll be a "l*' in the 
seven^ place. 

Nov find hov many 49* s (seven ) there are in the rasiaining l8l. 

^9) 181 Thus l8l contains ttiree 49* s with 34 remaining or 

^ l8l » (3 X seven^) 34, and there vlll be a "3" in the 

seven^ place. 

Hov many sevens are there in the remaining 34? 
4 

7) 34 Thus 34 contains 4 seven* s vith 6 remaining, or 

28 

-g 3U « (4 X seven) + 6, and there vill be a "4" in the 

sevens place. 

What vill be' in the units place? We have: 

524^^^ « (1 X seven"^) + (3 x seven^) + (4 X seven) + (6 x one) 

524, = 1346 

ten seven 

Cover the ansvers belov until you have made the changes for yourself. 

1^4.^ = (1 X seven) + (3 X one) « 13 
ten ^ "^seven 

46. » (6 X seven) + (4 x one) » 64 

ten seven , 

162.^ = (3 X seven ) + (2 x seven) + (l X one) « 321 

ten / / ^ seven 

1738^^^ « (5 X aeven-^) + (0 X seven ) + (3 X seven) + (2 X one) 

= 5032 

seven 

In changing base ten numerals to base seven ve first select the largest 
place value of base seven (that is, pover of seven) contained in the number* 
We divide the number by this pover of seven and find the quotient and remainder. 
The quotient is the first digit in the base seven numeral. We divide the re* 
malnder by the next smaller pover of seven and this quotient is the second 
digit. We continue to divide remainders by each succeeding, smaller pover of 
seven to determine ail the remaining digits in the bsise seven numeral. 



2h 
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Exercises 6 

Show that: 

50 « iOl (c) 102U^ « 2662 

ten seven ten seven 

(b) 1^5^ • 265 

ten '^seven 

Chaxige the following base ten numerals to base seven numerals: 

(a) 12 (c) 44 (e) 2l8 

(b) 36 id) 53 (f) 1320 

Problems 3,4, and 5 vlll help you discover another method for chang- 
base ten numerals to base seven. 

Divide ^958^^^ by ten. Whiat is the quotient? What is the remainder? 

Divide the quotient by ten. What is the new quotient? The new remain- 
der? Continue in the same way, dividing each quotient by ten until you 
eet a quotient of 2ero. How are the successive remainders related to the 

original number? Try the same process with 123,456,789. . Try it with 

uen 

any other number. 

Divide 524^g^ by seven. Wliat is the quotient? The remainder? Divide 

the quotient by seven and continue as in Exercise 3, except that this 

time divide by seven instead of ten. Now write 524 as a base seven 

ten 

numeral and compare this with the remainders which you have obtained. 

Can you now discover ariotlier method for changing from base ten to base 
seven numerals? 

In eaoh of the examples below there are sane missing numerals. Supply 
the minerals which will make the examples correct* Remember that if no 
base name Is given, then the base is ten. 
(a) Addition: 6'5 (d) Addition: 2305 



486 
??? 



seven 
??? 
3100 

seven 



(b) Addition: &)k (e) Addition: 264 

seven 

11^ ^^^seven 

140 

seven 

(c) Addition: 432 (f) Mi:l tlpHcation: 514 

seven ^ seven 

??? X ? 

seven " seven 

(g) Miatlplication: ??? 

X 54 

seven 

36201 

seven 

?7 



?• Numerals in Other Baoes 

You have studied base seven numerals, so you now know that it is possible 
to express nmabers in systems different tr(m the decimal scale. Many persons 
think that the decimal system is used' because the baise ten is superior to 
other bases, or because the number ten has special properties. Earlier it was 
indicated Uiat we probably use ten as a base because man has ten fingers. It 
was only natural for primitive people to count by making ccsaparisons with their 
fingers. If man had had six or eight fingers, he might have learned to count 
by sixes or eights. 

Our familiar decimal system of notation is superior to the Ifeyptian, 
Babylonian, and others because it uses the idea of place value and has a zero 
symbol, not because its base is ten. The Jfeyptian system was a tens system, 
but it lacked efficiency for other reasons. 

Bases Five and Six . Our decimal system uses ten symbols. In the seven 
system you used only seven symbols, 0, 1, 2, 3> 5^ and 6. How many symbols 
would Eskimos use counting in base five? How many symbols would base six re* 
quire? A little thought on the preceding questions should lead you to the 
correct answers. Oan you suggest how many symbols are needed for base twenty? 

The x's at the right etre grouped 
in sets of five. How many groups of 
five ore there? How many ones are left? 

The decimal numeral for the number of x's in this diagram is l6. 
Using the symbols 0, 1, 2, 3, and h, how would 16^^^^ be represented in 

base five numerals? An Eskimo, counting in base five, would think: 

there are 3 groups of five and 1 more, 

16. « (3 X five) + (1 X one) 
ten 

l6 « 31 
ten -^-^five* 

In the drawing at the right sixteen /^^^X 
x's are grouped by sixes. How many \x x X y 

X X X X 

How many groups of six are there? Are \ 

{XX X ^ 

there any x's left? How would you 
write i^^^j^ in base six numerals? 

There are 2 groups of six and k morcj 




16^ * (2 X six) + (4 X one) 
ten 

ten six 
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Write elxtecB x's. Enclose thea in groups of four x's. Can you write 
the miaerftl in baee four numerals? How many groups of four are there? 

fieffiemberi you cannot use the symbol in base four. A table of the powers 

of four in decimal numerals is shown below • 

( four^ ) ( f our^) ( four''" ) ( one ) 

(1^ X 1^ X li) [kxk) ik) (1) 

(64) (16) ik) (1) 

To express sixteen in base four we need 

(1 group of four ) + (0 groups of four) + (0 ones). T^iat is, 

16^ = 100^ 
ten four 



Exercises J 

1, Draw sixteen x's. Croup the x*e in sets of three. 

(a) There are groups of three and left over, 

(b) Are your answers to part (a) both digits in the base three system? 
Why not? 

(c) In sixteen x's there are ( groups of three ) + 
( groups of three) + ( left over). 

(d) l6. « . three. 

ten - 

2. Draw groups of as many x*s as indicated by the niimbers represented 
below. Then ws-^te the decimal numerals for these numbers. 



five 

3. In base five notation represent the numbers from one through thirty. 
Start a table as shown below: 

Base ten 0 I 2 3 ^ 6 7 

Base five 0 1?????? 

4, (a) How many threes are there in ^-^j^^j.^^^ 

(b) How many fours are there in 20^^^^? 

(c) How many fives are there in ^^^^yg^ 

(d) How many sixes are there in 20^ 



er|c 3 



5. Vrite the follovlxig in e^q^anded notaUon. ISien write the base ten numeral 
for each as ahoim in the exaaple. 

Ejtaaple: 102^^^^ - (l X 25) + {O x 5) * (2 X l) « 27 



(a) 21*5 

(b) kl2 



six 



(c) 1002 



five 



(a) 1021 



three 
four 



6. Write the folloving decimal niime»ls in bases six, five, four, and three. 
Remember the values of the powers for each of these bases. Note the 
example: 



7 



ten 



11 , « 12^^ 
six five 



13 



21. 



(a) 11 

(b) 15 



'ten 



four ' ""^three* 
(c) 28, 



ten 



ten 



(d) 36 



ten 



What is the smallest vriiole number which can he used as a base for a sys- 
tem of notation? 

•8. Do the folloving ccsnputations: 

(a) Add: 132„ + 211^ 

four foui 

(b) Add: 15 , + 231 , + k20 , 

six six six 

(c) Subtract: 1211.^ - 202^^ 

three three 

{d) Subtract: U23,., - kkk 

five five 

(e) Multiply: 13,^,, X 3,^^^ 

(f) Mult iply: m ,,,X5^,^ 

^ix^"^^ 
^three^ ^^Hhree 

9. BRAINHJSTER. Make up a place value system where the folloving symbols 
are used: 



Gymbol 



0 
1 

A 

> 
10 



Decimal Value 



0 
1 

2 

3 
k 



Name 



do 
re 
mi 
fa 

re do 



Write the numerals for numbers from zero to twenty in this system. Write 
the names in words using "do, re," etc. 



30 
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10. ERAINBUSTER. Using the symbols and scale frm the first Brainbuster, 
coaaJlete the addition and multiplication tables shown belov. 



+ 


0 


1 


A 


> 


X 


0 


1 


A 


> 


0 










0 










1 










1 










A 










A 










> 










> 











8. The Binary and IXiOdecinal Systenis 

There are tvo other bases of special interest. The base tvo, or binary, 
system is used by some modem, high speed computing machines. These computers, 
sometimes incorrectly called "electronic brains,*" use the base tvo as ve use 
base ten. The tvelve, or duodecimal, system is considered by some people to 
be a better base for a system of notation than ten. 

Binary System . Historians tell of primitive people who used the binary 
system. Same Australian tribes still count by pairs, ''one, tvo, tvo and one, 
tvo tvos, tvo tvos and one," and so on. 

The binary system groups by pairs as is done vith 
the three x's at the right. Hov many groups of tvo 
are shovn? Hov many single x's are lel^? Three 

x*fi means 1 group of tvo and 1 one. In binary notation the numeral 

3 is vritten 11^ . 
•^ten tvo 

Counting in the binary system starts as follovs: 



0 



Decimal numerals 


1 


2 


3 


h 


5 


6 


T 


8 


9 


10 


Binary numerals 


1 


10 


11 


100 


101 


110 


111 


7 




? 



Hov many syml^ols are needed for base tvo numerals? Notice that the numeral 

101 represents the number of fingers on one hand. What does 111^.,^ mean? 
tvo 



III 



tvo 



:i X tvo^) ^ (1 X tvo^) + (l X one) = -i^ 2 + 1 ^ 



ten' 



Hov vould you vrite 8 in binary notation? Hov vould you write 10^^^ 

wen 

in binary notation? Compare this numex^l vith 101^^^. 

Modem high speed computers are electrically operated, A simple electric 
svitch has only tvo positions, open (on) or closed (off). Computers operate 
on this principle. Because there are only tvo positions for each place, the 
cccputers use the binary system of notation. 



oooo 



Figure 8a 



will use the drmvlng mt the right 
to represent m cooiputer. The four circles 
represent four lights on a panel, and each 
light represents one place in the binary 
systea. When the current is flowing the 
light is on, shown in Figure 8b as 

• A is represented by the 

symbol "1". When the current does not 

flow, the light is off, show by 

in Figure 8b. Hiis is represented by the syiabol 
represents the binary numeral 1010^^. What decliml numeral corresponds 



oooo 



Figure 8b 
"0". The panel in Figure 8b 



ai the right shows the place 


^ h 
two 


3 


two^ 


two^ 


one 


values for the first five 


2X2X2X2 


2X2X2 


2X2 


2 


1 


places in base two numerals. 


16 


8 


k 


2 


1 



1010^^ (1 X two^) + (0 X two^) + (1 X tvo^) ^ {0 X one) 
- (1 X 8) (0 X U) + (1 X 2) + (0 X l) 

» 10^ . 

ten 

rXiodeeimal System , In the twelve, or duodecimal, system, we group by 
twelves. We frequently count in dozens, aa with a dosen eggs, a dozen rolls, 
or a dozen pencils. Twelve dozen (12 x 12) is called a gross. Schools 
pometimes buy pencils by the gross. 

The sixteen x's shown at the 
right are grouped as one group of twelve 
with four x^B left. Written as a base 
twelve numeral, 




X 



% 
% 



16, * (1 X twelve) ^ (4 x one) * ik^ ^ . 
ten twelve 

Draw twenty-five x's on a sheet of paper. Draw circles around groups 
of twelve. How many groups of twelve are there? Are any x's left over? 
How would you write 25^^^ in duodecimal notation? Can you see why it is 



written 



21 ? 
twelve 



25. - (2 x twelve) ( 1 X one) 
ten 



21 



twelve' 



32 



To write nuaezmls In base twelve it is neceasary to invent new symbols in 
Addition to using the ten symbols Tr^ the decioal syst^. Hov many nev sym* 
bols are needed? Base twelve requires twelve symbols, two aiore than the de- 
cimal system. We can use "T" for ten and **E" for eleven as shown in the table 
below: 



Base 


ten 


0 


1 


2 


3 


k 


5 


6 


7 


8 


9 


10 


11 


12 


13 


li* 


15 


16 


Base 


twelve 


0 


1 


2 


3 


k 


5 


6 


7 


8 


9 


T 


E 


10 


11 


12 


? 


? 



Notice that "T" is another way of writing ^°ten ^® another way 

of writing 11^^^. Why is 12^^^ written as 10^^^^^? To write 195^^,1^^ 
In expanded notation. 



welve 



- (1 X twelve^) ^ (9 X twelve^) + (5 X one) 
» (1 X Ihk) + (9 X 12) + (5 X l) 



257 



ten' 



Exercjges 8 

1. Make a counting chart in base two for the numbers from zero to thirty- 
three . 



Base 


Ten 


X 


2 


3 


k 


mm* 


33 


Base 


Two 


1 


10 


11 




• mm 





Copy and complete the addition 
chart for base two shown at the 
rigiit. Hov many addit'on facts 
are there? 



Addition, Base Two 



3. Usin^ the same form as in Exercise 2, make a multiplication chart for 
lase two. How many multiplication facts are there? How do the tables 
compare? Dbes this make working with the binary system difficult or 
easy? Explain your answer. 

Write the following binary numerals in expanded notation and then in 
base ten notation. 

(a) 111,..^ (d) 11000, 



two 

iv) 1000^ 

two 

(r) 10101 



two 



(e) 10100, 



two 



two 



5. Write in duodecimal notation the tliree numbers following twenty-one. 



ERIC 



33 



6. To vrite 2T0. . In en*^^ sK>tatlon| vq have: 

^twlve ^2 ^ tvelve^) ^ {T x twelve) -►(Ox one). 

To vrite aro as a decimal numeral ve vould first write the latter 

vweive 



(2 X Ihk) ♦ (10 X 12) (0 X l). 
VBiat is the decimal numeral for ^TO^^j^^^? 

7« Write the following numerals in expanded notation and then in base ten 
notation. 



(m) 111 



twelve 



(e) 47E 



'twelve 



(b) 3T2^ 



twelve 



(d) TOE 



twelve 



8. Add theb^ numbers which are expressed in binary notation. Check by 

expressing the numerals in the exercises^ and in your answers^ in decimal 
notation and adding the usual vay« 



(a) 101 

10 



two 



two 



(c) lOUQ 
IIOIQ 



two 
two 



(b) 110 



101 



two 
two 



(d) 10111 

mil 



two 
two 



9» Subtract these base two numbers . 
probl«D 8, 
(a) 111, 



101 



two 
two 



Check your answers as you did in 



(c) 1011 



two 



100 



two 



(b) 110^ 
11 



two 
two 



(d) 11001 
10110 



two 

) 

two 



10. When people operate certain kinds of high speed cc»nputing machines, it 
is .ecessary to express numbers in the binary system. Change the 
following decimal numerals to bass two notation; 

(a) 35 (c) 12 

(b) 128 (d) 100 
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31* 



4f 



11 • Add and subtrmct the following duodedjual numerals. Check by expressing 
the numbers in decla&l notation and adding and subtracting the usual way* 

Itwlve ^^tvelve 

12* What advantages and di sad vantages « If any, do the binai^ and duodecimal 
systems have as compared with the decimal system? 

13* Write the following in duodecimal notation. 

Ik. BRAINBUSTER. An inspector of weights fltnd measures carries a set of 

weights which he uses to check the accuracy of scales. Various weights 
are placed on a scale to check accuracy in weighing any amount frcmi 1 
to l6 ounces. Several checks have to be made, because a scale which 
accurately measures 5 ounces may, for various reasons, be inaccurate 
for weighings of 11 ounces and more. 

What is the smallest number of weights the inspector may have in 
his set, and what must their weights be, to check the accuracy of scales 
Vrom 1 ounce to 15 ounces? Frc^ 1 ounce to 31 ounces? 

15- BRAirffiUSTEH. People who work with high speed computers sometimes find 
it easier to express numbers in the octal, or base eight system rath.— 
than the binary syst«n. Conversions from one system to the other can be 
done very quickly. Can you discover the method used? 
Make a table of numerals as shown below: 



Base ten 


Base eight 


Base tvo 


1 


1 


1 


2 


2 


10 


t) 


5 


101 


1 


? 


? 


15 


? 


1 


16 


? 


? 


32 


•? 


? 


6U 


? 


7 


256 


? 


7 



Compare the povers of eight and two up to 256. Study the powers and 

the taMe above. i01,01i.010^ = 532 , , ^ . Can you see why? 

' two eight ^ ^ J 
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35 
41 



9» Summ&ry 

The decimal eastern has resulted from efforts of men over thousands of 
y«xs to develop a vorkaLle system of notation (writing numerals). It is not 
a perfect system, but it has advantages other systeas have not had. In this 
pamphlet you have studied some of the ancient systems, which, in their time, 
represented tremendous achievements in man's progress. You have also studied 
other systens in different bases. You have studied ther:e nu -at ion sy stems 
to gain a better understanding of your own system. 

In learning about other systems of notation you have learned that a 
number may be expressed in differ «f.t rals. For example, twelve may be 
written as fjll f XII, 12^^^, ^5^^^^^^, or UOO^^^, and so on. TJiese numerals 

are not the same, yet they represent the same number . The sumtols we use are 
not in themselves numbers. "XXX" is not twelve thin^js, nor is "10 

twelve 

They are only dilTerent numerals, or symbols for twelve. 

Sometimes we confuse numbers and numerals. A number is an Idea while a 
numeral is a symbol for the idea. We may write "2" on the blackboard to re- 
present a set of two objects, as two students, or two books. If we erase the 
"2" we remove the numeral, but we do not destroy the number. In the same 
way, the word "pencil" is not the same as the object you hold in your hand 
when you are writing on paper. 

Tlie Egyptians might not have known that their system of notation was based 
on ten. To know this they would have had to know that it is possible to use 
other bases for a number system. You know this now, and you know that it is 
possible to use any whole number greater than one as a laoe. Gome of these 
numeration systems are used. Tlie binary system is used :y electric computers. 
You should understand that a high speed computer is not a "brain." Rather it 
is a high speed slave that does only what it is told to do. High speed calcu- 
iatjlons with computers are possible because the machines operate at the speed 
of the flow of electricity and use large "memories" of stored iriformation. 
Man was able to invent modern high speed computers because he had invented the 
system of expresfTing numbers used in cornputer operation. 
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Exercises 2 

1. Group twenty tally marks (////////////////////) to rhov place value for 
each of the number bases listed. Tlien write the r.sjmeral which represents 
twenty for each of the bases listed. 

(a) twelve (c) five 

(b) seven {<%) two 



3^' 



2. The numermla ahown below represent fifteen in varioue number bases* 
Sipply the miSBlng base for each numeral. 



(a) 13 

(b) 21 



? 



(c) 30 



(d) nil 



3* Write the following in expanded notation and in decimal notation: 



(a) 111 

(b) 321 



two 



four 



(c) 2631 

(d) 37T, 



seven 



twelve 

h. Write ''one thousand" as a numeral in base eight and also in base two. 

5- Write the next five numerals following 88 , 

nine 

* 6. Babylonians used the symbols | and <^ for one and ten. By repeating 

«< 

these symbols they wrote fifty-nine as v v f f f 

<< TTI 

To write numbers larger than fifty-nine the Babylonians used the same 
symbols shown above, but they used the place value idea. Their number 
base was very large. It was sixty. As in our decimal system, the first 

place represented ones, so f f ? meant (59 x l). 

« HT 

The second place had a value of sixty, so \ f f ff 

(^ffx sixty) + (f fx one) «= (l2 X 60) + (2 X X) 



meant 



* 720 + 2 

722 



Hie first three place values in the Babylonian sy stein were: 





sixty 


sixty 


one 


^teaning ir 
base ten 


6o X 6o 


60 


1 



(a) The early Babylonians did not have a symbol for zero. They some- : 
times left empty spaces where we write zeros, as | ^ . This meant 
the reader had to guess from the content of the reading whether the 
numeral f f meant ( f + f ) X one 
or (fx sixty) 4 (fx one) 

or ( f ^ sixty^) + ( f X one). 

Write three decimal numerals for the Babylonian numeral f f . 

3? 
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(b) Itees the decisy&l niimeral "11^ have more than one possi^ble meaning? 

Why? J J 

(c) Find the decimal value for f I \lf X I 

- (f f X ) ^ (^11 X _2 ) ^ f X ) 

- ? ♦ ? 4- ? 

? 

(d) Write the decimal numerals 70, 111, €md 4000 in Babylonian 
notation* 

(e) Write ^| \W ^ Babyloni£ui numeral. 

♦ 7. In Lincoln's Gettysburg Address, the term ^four score and seven" is used. 

What number base did he use? Write the decimal numeral for this number. 

♦ 8, A positional niimber system uses the symbols 0, A, B, C, and D to re- 

present the numbers from zero to four. If these are the only symbols 
used in the system, write the decimal numeral for DCBAO# 

♦ 9» A base ten number consists of three digits, 9^ 5^ «id another in that 

order. If these digits are reversed and then subtracted from the ori- 
ginal number, an answer will be obtained consisting of the same digits 
arranged in a different order still. What is that digit? 

10. BRAINBUSTER. Suppose a place value number system uses the capital letters 
of the alphabet (A, B, C, . . . Y, Z) as symbols for numerals. Ihe 
letter "0" is removed from its regular position between N and P and 
is used as the symbol for zero. What is the base for this system of 
notation? What decimal numeral is represented by "BE" in this base? 

by "TWO"? by "FOUR"? 

11. BRAINBUSTER. There sire a number of ways to change numerals written in 

other number bases to beise ten notation. A student suggested this method: 

Example A: To change ^+6^ , to base ten notation. Because there are 
^ ^ twelve ^ 

2 more symbols in base twelve, multiply (2x4) and add 

the result to 46. 

ten 

Does this method work for ^^^^^v^ '^^^ 



two digit number written in base twelve? 

Example B: To change 46 to base ten notation. Because there are 

seven 

three fewer symbols, multiply (3x4) and pubtract from 

46^ . Does the method work for 46^^,^^^? Itoes it work i 
ten seven 

any two digit number written in base seven? 




38 



Appendix I 



Suppose we wish to design a machine to add any tw numbers which can be 
written in the binary scale with no more than 5 digits. We will need three 
rows of lights. 



A 

B 
C 



ooooo 
ooooo 

QQQQQQ 



The numbers to be added vill be entered into the machine by turning on 
appropriate lights in Rows A and B, "Die sum is to be shown in Row C. The 
switches which operate the lights in Row C are to be wired in such a way 
that they are activated by the lights in Rows A and E. CXar task is to de- 
scribe just when a light in Row C is to be on and when it is to be off. 

Consider a few simple addition problems j, and observe how they appear Doth 
in binary numerals and in lights. 



100, 



Suppose we wish to add 1010^ and 

two 



two* 



1010. 
100. 

Tuo 



two 
|two 

*tWD 



A 

B 

C 



o»o«o 
oo»oo 
oo«««o 



Prom this problem we can recognize two requirements for the wiring of our 
machine* 

1. In a given column, if the lights in both Rows A and B are off then 
the light in that column in Row C should also be off • 

2. In a given column, if one of the two lights in Rows A and B is on 
then the light in that column in Row C should turn on* 



Now consider what happens when we add 1011. 



and 101. 



Here we 



two "^^two' 

need to "carry/* and our machine is not equipped to do this. It doesn't 
know what to do if two lights in a given column are on- We need one more row 
of lights; a "carrying row," T^ie machine must look like this: 



X OOOOO 
A OOOOO 
B OOOOO 

c QQQOOO 



with Row X used only for carrying. 
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The second addition looks like this; 



ion 



101 
lOCXX) 



two 

t\fO 



two 



X O 

A 0#0 

B oo#o# 

c o#oooo 



When ve turn on lights in Rows A and B as shown, the indicated lights 
in Rows C and X must turn on automatically. Thus we see a third require- 
ment for our wiring. 

3. If, in a given column, any two lights in Rows A, E, or X are on then 
the light in Row C will remadn off and the light in Row X in the 
column immediately to the left will turn on. 

Requir^ent 3 says that if we have 

X O X # 

A • or A O 

i B a 



then we must have 



B 



X 
A 
B 
C 



o 



or 



X 
A 

B 
C 



O 

o 



-Finally, we have 



If, in a given column, all the lights in Rows A, and X are on, 
then the light in Row C must go on and also the light in Row X of 
the column iinaedlately to the left is to go on. 



The addition 



1111 
101 
10100 



two 
two 
two 



would appear on the machine as 



O 



X 

A O 

B OO 

c O^O 



OO 



1*0 
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and the sum 10100^^^ would appeur in Bow C of lights almost as £soon as ve 



had entered the numbers illl. , „ and 101^ in Rows A 

wwo two 



and fi. We have 



designed an adding machine in the sense that requirements 1, 2, 3 and 4 
can be built into a box with the required rows of lights by means of switches 
and relays. The important thing at this stage is not the electrical 
problem itself, but the knowledge that the binary system of notation 
makes it possible to reduce computational problems to purely mechanical and 
electrical construction in this rather simple way. 

As an extension of the discussion, you might ask how we might use two of 
these adding machines to build a new machine for adding three numbers together. 
If we use the notation to indicate two lights wired so that they are 

always lighted or unlighted together, then such a machine could be diagrammed 
as followa: 



II 



X 
A 

B 
C 



ooooo 
ooooo 
ooooo 



III_ 

SUM 




X 
A 

B oooooo 
c ooooooo 



If each of the smaller l)Oxes within the larger box is an adding machine 
of the type described above then the large box is a computer whicli will add 
triples or nLtml ers. If the binary numerals of the numbers are entered in 
Rows I, II and III, the sum appears in the bottom Row C. 

Tlie use of Unary notation In high speed computers Is, of course, well 
known. Tiie binary system is used for computers since there are only two 
digits, and an electric meohanlsm Is either "on" or "off." Such an arrange- 
ment is called a flip-flop mechanism. A nirnil er of pampi.lets distributed ly 
IBM, Remington Rand, and similar sources may le obtained \ request and used 
for supplementary reading and study. "Yes to - _One ?ero" published ly Esso 
Standard Oil Co., 1^ West 51st., New York 19, New York is avallal le for the 
asking only in states served ly Esso. 



47 



4 



Appendix II 

It should be or interest that the sum llCWl 110 looks the same in the 
binary system, decimal system, and, in fact, all positional number systems • 
TTie meaning, however, is quite different. 

The base two has the disadvantage that, while only two different digits 
are used, many more places are needed to express numbers in binary notation 
than in decimal, e.g., 

2000^ = 11,111,010,000. 
ten ' two 

Readers may interested in the remainder method for changing a number 
fron one >^ase to another. This method of changing 25^^^ to binary notation 

rests on repeated division by 2, to identify the powers of 2 whose sum is 

25. To change 2^ to base three, repeat division by 3; to base four, 
^ ten 

divide by U; and so on. 

The division is shown below for changing ^5^^^ to binary notation, 

followed by an interpretation of the results of the division at each stage • 
It will be noted that the remainders in reverse order indicate the digits in 

binary numerals. Recall that 2^ = 1. 

2)2^ 25 - 25 X 2° 

2)iy , R 1 25 - 12 X 2^ + 1 X 2° 



2)^ , R 0 25 



2 10 

6X2 +0X2 +1X2 

2) -i R 0 ?3 - -j X 2^ + 0 X 2^ + O X 2-^ 1 X 2° 

li ^ ? 1 0 

2) J_ ,P125- 1X2 +1X2^ + 0X2- + 0X2+1X2 

2)0,H125 = OX£^ + 1X2^+1X2^ + OX2^ + OX2^+1X2° 
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Appendix III 

Here is a set of cards which can be used In a number trick.. 



1 


1 


9 


17 


25 


3 


11 


19 


27 


5 


13 


21 


29 


7 


15 


23 


31 



2 


2 


10 


18 


26 


3 


11 


19 


27 


6 


11^ 


22 


30 


7 


15 


23 


31 



8 


8 


12 




28 


9 


13 


25 


29 


10 


Ik 


26 


30 


11 


15 


27 


31 



k 


k 


12 


20 


28 


5 


13 


21 


29 


6 


Ih 


22 


30 


7 


15 


S3 


31 



16 


16 


20 




28 


17 


21 


25 


29 


18 


22 


26 


30 


19 


23 


27 


31 



Using the first four cards, tell a person to choose a number between 1 and 
15^ to pick out the cards containing that number and to give them to you. By 
adding the numbers at the top of the cards he gives you, you can tell him the 
number he chose. Note that the numerals at the top of the cards represent the 
powers of two. 

By using all five cards, you can pick out numerals from 1 to 31. The 
trick is based on the application of the binary numerals. 
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